ABSTRACT. We study the Witten-Reshetikhin-Turaev SU(2) invariant for the Seifert manifold with 4-singular fibers. We define the Eichler integrals of the modular forms with half-integral weight, and we show that the invariant is rewritten as a sum of the Eichler integrals. Using a nearly modular property of the Eichler integral, we give an exact asymptotic expansion of the WRT invariant in N → ∞. We reveal that the number of dominating terms, which is the number of the non-vanishing Eichler integrals in a limit τ → N ∈ Z, is related to that of lattice points inside 4-dimensional simplex, and we discuss a relationship with the irreducible representations of the fundamental group.
INTRODUCTION
The SU(2) Witten invariant [31] This invariant can be constructed rigorously using the quantum invariants of framed link as the Reshetikhin-Turaev invariant τ N (M) [23] , which is normalized as result was further developed in Ref. 7 where properties of the WRT invariant for the Brieskorn homology sphere Σ(p, q, r) were investigated (see also Refs. 6, [8] [9] [10] , in which clarified were the similar structures of the colored Jones polynomial for torus knots and links). One of benefits of the correspondence between the quantum invariant and the modular form is that we can obtain the exact asymptotic expansion from the modular property (see Refs. 4, 11, 14, 16, [24] [25] [26] [27] for studies of asymptotic behavior of the SU(2) WRT invariant by different manner). We can also find that the number of the non-vanishing Eichler integrals in a limit τ → N ∈ Z coincides with that of the integral lattice points inside the 3-dimensional tetrahedron. We can then reinterpret the topological invariants such as the Casson invariant, the Reidemeister torsion, and the ChernSimons invariant from the viewpoint of the modular form.
Purpose of this paper is to continue studies in Ref. 7 , and to reveal a close connection between the WRT invariant for the Seifert manifold and the Eichler integral of the modular form. We especially study the Seifert manifold with 4-singular fibers Σ( p) = Σ(p 1 , p 2 , p 3 , p 4 ) where p j are pairwise coprime integers. This manifold has a rational surgery description as in Fig. 1 , and the fundamental group has the presentation π 1 Σ(p 1 , p 2 , p 3 , p 4 ) = x 1 , x 2 , x 3 , x 4 , h h center x p k k = h −q k for k = 1, 2, 3, 4
x 1 x 2 x 3 x 4 = 1
where q k ∈ Z such that
q j p j = 1 (1.5)
Here and hereafter we use This article is organized as follows. In Section 2 we briefly discuss construction of the WRT invariant for the Seifert manifold. We then prepare vector modular forms with half-integral weight, and we consider a nearly modular property of the Eichler integral. In Section 3 we prove that the WRT invariant for the Seifert manifold is written as a sum of the Eichler integrals of two types of the half-integral weight modular forms. Using a nearly modular property of the Eichler integrals, we obtain the exact asymptotic expansion of the WRT invariant in Section 4. We pay attention to dominating exponential factors of the WRT invariant, and show that the number of the non-vanishing terms is related to that of the irreducible representations of the fundamental group π 1 (M), and that they give the Chern-Simons invariant. We also compute the Ohtsuki invariant number-theoretically by use of the exact asymptotic expansion formula. In Section 5 we take some examples in detail, and compare numerically our asymptotic formula with the exact value of the quantum invariant. The last section is devoted to discussions.
PRELIMINARIES

The Witten-Reshetikhin-Turaev Invariant of the Seifert Manifold
We compute the SU(2) WRT invariant for the Seifert homology manifold Σ(p 1 , p 2 , p 3 , p 4 ) with 4-singular fibers. In general the WRT invariant τ N (M) for 3-manifold M can be constructed based on a surgery description on framed link. In our case, we need the colored Jones polynomial
Here we have used the Dedekind sum (see, e.g.,
with coprime integers a ≥ 1 and b, and ((x)) is the sawtooth function
where ⌊x⌋ is the greatest integer not exceeding x. It is known that the Dedekind sum is rewritten as the cotangent sum
and that the modular property of the logarithm of the Dedekind η-function η(τ ) gives the reciprocity formula
It is noted that
Modular Form
We fix p = (p 1 , p 2 , p 3 , p 4 ) where p j are pairwise coprime positive integers. For a quadruple ℓ = (ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 ) ∈ Z 4 satisfying 0 < ℓ j < p j , we define even periodic functions χ
(n) with modulus 2 P as
where ε j ∈ {1, −1} for ∀j. There are 2 4 = 16 non-zero χ ℓ 2P (n) taking values ±1 for 0 < n < 2 P , and we have a mean value zero,
We define an involution
We note that χ
By means of the periodic functions χ ℓ 2P (n), we define the q-series by
where as usual we have q = exp (2 π i τ )
for τ in the upper half plane, τ ∈ H. Due to the symmetry of χ ℓ 2P (n) under involutions (2.9), the number of the independent functions Φ ℓ p (τ ) is given by
This set of functions Φ ℓ p (τ ) is a D-dimensional vector modular form with weight 1/2; applying the Poisson summation formula
we find under the S-and T -modular transformations that
where a sum of quadruples ℓ ′ = (ℓ
) runs over D-dimensional space, and explicit forms of the S and T matrices are respectively given by
We further introduce other modular functions. We set
where a ∈ Z and 0 < a < P , and ψ 
where M is a (P − 1) × (P − 1) matrix defined by
It should be remarked that we have
and that the character of the affine Lie algebra su(2) P −2 is given by (see e.g. Ref. 12 )
Eichler Integral
Following Refs. 17, 32 we define the Eichler integrals of the half-integral weight modular forms Φ ℓ p (τ ) and Ψ (a) P (τ ) as follows;
which are defined for τ ∈ H. Limiting values of these Eichler integrals are given in the following Proposition.
Proposition 2. Limiting values of the Eichler integrals
Here we assume M and N are relatively prime integers, and N > 0. We use B k (x) as the k-th Bernoulli polynomial
and we have
Proof. It is a standard result of applying the Mellin transformation, so we omit the proof. See Refs. 17, 32 (also Refs. 7, 9, 10).
We note that a limiting value of the Eichler integrals at τ → N ∈ Z is a little bit simplified;
where the T-matrix is defined in eq. (2.17), and we set 
Here N ∈ Z, and a sum of quadruples ℓ ′ runs over D-dimensional space. We mean that L(s, χ) is the Dirichlet L-series. We introduce other Eichler integrals defined by
both of which are defined for z in the lower half plane, z ∈ H − , and * denotes a complex conjugate. We see that the modular properties of Φ ℓ p (τ ) and Ψ (a) P (τ ), especially the modular S-transformation (2.14) and (2.20), lead
with α ∈ Q. By substituting definitions of modular forms, we find that 
QUANTUM INVARIANT AND EICHLER INTEGRALS
So far we have studied both the WRT invariant for the Seifert manifold and the modular forms with half-integral weight, and have computed limiting values of the Eichler integrals. One of our main theorems is that the WRT invariant for the Seifert manifold is written as a sum of the Eichler integrals. So the quadruple p = (p 1 , p 2 , p 3 , p 4 ) used to define the modular form should be identified with the surgery data of the Seifert manifold. 
To prove this theorem, we use the following formula;
Proof. We set ω = exp 2 π i N for brevity. We recall a trivial identity
Substituting x = ω a for the above with a ∈ Z satisfying 0 < a < N, we get
where we have used N c=1 ω ac = 0. Differentiating eq. (3.4) w.r.t. x and substituting x = ω a , we get
We then find ω
Using this expression, we see that LHS of (3.3) = 1 2 Proof of Theorem 4. We first consider a case j 1 p j < 1. We find that there is a generating function for the periodic function χ (n);
Using above identity, we get LHS of eq. (3.1)
Here in the second equality, we have used the Gauss sum reciprocity formula (see e.g.
where N, M ∈ Z with N k ∈ Z and N M being even. In the third equality we have applied eq. (3.3), and have used properties of the Bernoulli polynomials,
We then obtain
Using eq. (2.10), one sees that the first term gives
(1/N), and that the second term is written in terms of Ψ is an odd periodic sawtooth function satisfying
To obtain eq. (3.1), we need to prove that the remaining terms vanish. To see this, we have for a case of the fourth constant term in eq. (3.9)
where in the first equality we have used eq. (2.10) and eq. (3.8). In the second equality we have simply set n = 2 P m + j. As the sum in the parenthesis in the last expression vanishes, we can conclude that the last term in eq. (3.9) vanishes. When we recall the Fourier expansion of the periodic Bernoulli polynomials (cf. Ref. 1)
for k ∈ Z >0 , we can see that the third term in eq. (3.9) also vanishes in the same manner. This completes the proof of Theorem 4 for a case of j
In a case of j 1 p j > 1, the generating function (3.7) is replaced with
i.e. we have an additional term coming from the second term in LHS of eq. (3.11). Then we have another contribution to the WRT invariant besides eq. (3.9);
This term can also be rewritten in terms of the Eichler integral. To see this fact, we compute as follows [7, 17] ;
In the last equality we have used a generating function of the periodic function ψ (a) 2P (n), and also used a fact that the sum for N|k vanishes. This completes the proof of the theorem.
ASYMPTOTIC EXPANSION OF THE WRT INVARIANT
We have seen that the WRT invariant τ N (M) for the Seifert manifold M = Σ(p 1 , p 2 , p 3 , p 4 ) is written as a sum of the Eichler integrals of the modular forms with half-integral weight. As we have already found a nearly modular property of these Eichler integrals, it is straightforward to obtain the following theorem.
Theorem 6. Asymptotic expansion of the WRT invariant τ N (M) for the Seifert homology sphere
where the T -series T < (k) is defined by
where the T -series T > (k) is given by
Lattice Points and Non-Vanishing Eichler Integral
We consider dominating terms of the WRT invariant (4.1) and (4.3) in N → ∞ in detail. We shall reveal a close connection with the irreducible representation of the fundamental group π 1 (M) and the Chern-Simons invariant CS(M) for the Seifert manifold M = Σ(p 1 , p 2 , p 3 , p 4 ).
Theorem 6 indicates that the WRT invariant has exponentially divergent terms in N → ∞.
Recalling an explicit form of the S-matrix (2.16) we get the following formula.
Corollary 7. The Witten invariant for the Seifert homology sphere
where the sum of ℓ = (ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 ) runs over D-dimensional space, and C p ( ℓ) is defined in eq. (2.29).
We note that, when we collect all the exponentially divergent terms in eq. (4.1) and (4.3), we have
Here the leading term N · Z 
The term Z
N −2 denotes the next leading term, which follows from the limiting value of the Eichler integral Ψ (a)
The sum of quadruples ℓ in the leading term Z
N −2 Σ( p) runs over D-dimensional space, but as in the case of the Brieskorn homology sphere Σ(p 1 , p 2 , p 3 ) with 3-singular fibers [7] , the function C p ( ℓ) may vanish for some quadruples ℓ. Let γ(p 1 , p 2 , p 3 , p 4 ) be the number of the Eichler integrals Φ ℓ p (τ ) which do not vanish in a limit τ → N ∈ Z. Then D − γ(p 1 , p 2 , p 3 , p 4 ) coincides with the number of the integral lattice points ℓ = (ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 ) ∈ Z 4 satisfying
Proposition 8.
where 0 < ℓ j < p j . Namely the number of lattice points inside the integral simplex whose vertices are (p 1 , 0, 0, 0), (0, p 2 , 0, 0), (0, 0, p 3 , 0), (0, 0, 0, p 4 ), and the origin (0, 0, 0, 0).
Proof. Eq. (2.27) indicates that the limiting value Φ ℓ p (N) of the Eichler integral does not vanish if and only if
We consider a condition for quadruples ℓ. As we have 0 < (n), we can check by a direct computation that
We next consider a case of 1 < j
< 0 which contradicts with 0 < ℓ j p j < 1. Thus, as inequalities for 1 + j ε j ℓ j p j with #{ε j = 1} = 2, we have two possibilities;
< 2 for every setting of {a, b, c, d}, • for a unique setting of {a, b, c, d} among 6 we have −1 < 1 + ℓa pa
In the latter case, we see easily C p ( ℓ) = 0 as the condition coincides with 0 < σ cd j ℓ j p j < 1.
For a case of the former, we still need to classify a condition for 1 + ℓa pa
• When 0 < 1 + ℓa pa
< 2 for any setting of {a, b, c, d}, we have
with #{ε j = −1} = 1, we have, say 2 < 1− ℓa pa
for a unique setting of {a, b, c, d} and others in [0, 2], we see
< 3, and others in [0, 2], we have
• If three combinations are in [2, 3] , say 0 < 1 + ℓa pa
< 2 for a unique setting of {a, b, c, d}, we get
Combining these observations, we find that Computation of the number of the integral lattice points inside polytopes is an old but difficult problem. We have simple but beautiful Pick's formula in the case of the 2-dimensional integral polygons. In the three-dimensional case, the number of the lattice points inside the integral tetrahedron was computed by Mordell using the Dedekind sum [18] . In our case of the 4-dimensional simplex, a formula was also given by Mordell [18] , and Prop. 8 proves the following theorem.
Theorem 9. The number of the non-vanishing Eichler integral
where s(b, a) is the Dedekind sum (2.4).
As the number γ( p) of the non-vanishing Eichler integrals corresponds to that of the dominating terms (4.5) of the WRT invariant, and it could be related to the Casson invariant. The Casson invariant of the Seifert manifold Σ(p 1 , p 2 , . . . , p M ) with M-singular fibers is defined naïvely as the number of the nontrivial SU(2) representations of π 1 Σ(p 1 , . . . , p M ) [30] (see also Refs. 2, 29) . It is known to be written explicitly as [5, 20] 
where we have used P M = M j=1 p j . Using this result we obtain the following expression.
Corollary 10.
We have
where λ C (M) denotes the Casson invariant for 3-manifold M.
We should note that, in terms of the function φ(p 1 , p 2 , p 3 , p 4 ) defined in eq. (2.3), we have [16] 
The asymptotic behavior of the SU(2) WRT invariant for 3-manifold M in k → ∞ is expected to be [4, 31] 
where T α (M) and I α are respectively the Reidemeister-Ray-Singer torsion and the spectral flow, and the sum of α denotes a flat connection.
It is known [7, 24] that, in the case of the Brieskorn homology sphere Σ(p 1 , p 2 , p 3 ), the exact asymptotic expansion of the WRT invariant has a form of eq. (4.16) by identifying SU(2) representation of the fundamental group π 1 (M) with flat connections on M, and that the Casson invariant λ C Σ (p 1 , p 2 , p 3 ) is equal to a minus one-half of the number of non-zero terms in eq. (4.16). Unlike the case of the Brieskorn homology sphere, we have seen that the exact asymptotic expansion of the WRT invariant for the Seifert manifold with 4-singular fibers does not have a form of eq. (4.16) rather eq. (4.5) as was pointed out in Ref. 24 . Especially the number of the dominating exponential terms is not proportional to the Casson invariant, and all the irreducible SU(2) representation of the fundamental group (1.4) do not appear as we can read off from eq. (4.14).
The representation space of the fundamental group π 1 (M) of the Seifert manifold M = Σ(p 1 , p 2 , p 3 , p 4 ) with 4-singular fibers was investigated in detail in Refs. 3, 13 (see also Ref. 29 ). There are two types of the irreducible representation of the fundamental group (1.4), ρ :
• one of the generators x k is mapped to ± id, • all images ρ(x k ) differ from ± id.
As the former case can be given from the representation space of the Brieskorn homology sphere, eq. (4.14) shows that the number of lattice points γ(p 1 , p 2 , p 3 , p 4 ) is related to the number of the latter case. See Section 5 for some examples. We can thus conclude that the latter type of the irreducible representations of π 1 (M) dominates the asymptotic behavior of the WRT invariant in N → ∞.
One may expect that the "missing" irreducible representations of π 1 (M), in which one of generators x k is mapped to ± id, correspond to the next leading terms Z Once we have seen that the dominating exponential factor of the WRT invariant can be interpreted from the SU(2) irreducible representation of the fundamental group π 1 (M), we can find that the asymptotic behavior gives the Chern-Simons invariant of the manifold. Explicitly the Chern-Simons invariant for the Seifert manifold is written from the exponential factor of eq. (4.5) as
which originally appears as the phase of the T-matrix (2.17) of the modular form Φ ℓ p (τ ).
Contribution from Trivial Connections
In asymptotic behavior of the WRT invariant τ N (M) in N → ∞, the exponential terms are dominating, but a tail part has its own meaning as a contribution from trivial connections (see Refs. 16, 24) . We further show that this corresponds to the Ohtsuki invariant for the Seifert manifold.
Before discussing a connection with the quantum invariant, we give a generating function of the T -series in eqs. (4.2) and (4.4).
Proposition 11.
Let the T -series T ≶ (k) be defined by eqs. (4.2) and (4.4) . We have
Proof. We first study a case of j
We have from eq. (3.7)
We substitute z = e −x for the above expression, and we equate it with ∞ k=0 T k x 2k in a limit x ց 0. Applying the Mellin transformation, we get
Using an analytic continuation of the Hurwitz zeta function
, we get the statement of the theorem.
In a case of j 1 p j > 1, we recall eq. (3.11) which gives
By the Mellin transformation after setting z = e −x , the first term of RHS gives eq. (4.19) while the second term gives
) as a coefficient of x 2k . Combining these results, we obtain eq. (4.18).
We note that some of the T -series are explicitly computed as follows;
The fact that coefficients in tail part T ≶ (k) of the asymptotic expansion of the WRT invariant also appear in the Taylor series (4.18) was pointed out in Ref. 16 by the different manner. It is noted that we also have a similar connection between the Eichler integral and the colored Jones polynomial for torus knots/links, and that the inverse of the Alexander polynomial generates this tail part of the N-colored Jones polynomial at the N-th root of unity.
See that the generating function (4.18) of T ≶ (k) has already appeared in the WRT invariant (2.2) of the Seifert manifold. The T -series is still related to the quantum invariant, i.e., the Ohtsuki invariant. The n-th Ohtsuki invariant λ n (M) for 3-manifold M is defined by [19, 21] 
where the formal power series τ ∞ (M) is defined from a tail part of the asymptotic expansion of the WRT invariant, and in our case of the Seifert manifold M = Σ(p 1 , p 2 , p 3 , p 4 ) with 4-singular fibers we have from Theorem 6 that
if we replace the N-th root of unity with a parameter q, q ↔ exp 
we obtain the following formula;
One can check that the first three terms are computed explicitly as follows;
The fact that λ 1 is equal to 6 times of the Casson invariant was first pointed out in Ref. 
EXAMPLES
Σ(2, 3, 5, 7)
With p = (2, 3, 5, 7) the modular form spans D = 6 dimensional space, and the independent periodic functions χ ℓ 420 (n) are defined when quadruples ℓ are (1, 1, 1, 1), (1, 1, 1, 2), (1, 1, 1, 3 ), (1, 1, 2, 1), (1, 1, 2, 2), and (1, 1, 2, 3) . We have j
> 1, and we can check C p ( ℓ) = 0 for all ℓ. Indeed from eq. (4.12) we have γ(2, 3, 5, 7) = 6. These quadruples correspond to the irreducible SU(2) representation of the fundamental group (1.4), in which none of the generators x k is mapped to ± id. The Casson invariant is computed as λ C Σ(2, 3, 5, 7) = −14, and we have missing irreducible representations in which one of generators is mapped to ± id.
See Tables 1 and 2 , which should be compared with a table in Ref. 3 . In Table 1 , collected are quadruples ℓ, which contribute to the asymptotic behavior (4.5) of the WRT invariant. These denote the SU(2) representations of π 1 (M), which do not map any generators x k (1.4) to ± id. We have listed quadruples ℓ in Table 2 , and they correspond to the irreducible representations missing in Table 1 . The number of these missing representations is proportional to the sum of the Casson invariant, λ C Σ(2, 3, 5) + λ C Σ(2, 3, 7) + λ C Σ(2, 5, 7) + λ C Σ(3, 5, 7) . As the representation in Table 1 In Table 3 we give a result of numerical computations, and compare with the exact value (2.2) of the WRT invariant with the asymptotic formula (4.5). We have also given numerical values (4.6) including the next leading terms Z (1) N −2 (M) to find a good agreement. All these computations are performed on PARI/GP. We stress that the representations ℓ in Table 1 dominate the asymptotic behavior of the WRT invariant in N → ∞.
Σ(3, 4, 5, 7)
We have j 1/p j = 389 420 < 1, and eq. (2.12) gives D = 18. We find that γ(3, 4, 5, 7) = 17 from eq. (4.12). Indeed among 18 independent quadruples ℓ, we see that C 3,4,5,7 (1, 1, 1, 1) = 0. See Table 4 for representations ℓ, in which none of generators x k of the fundamental group (1.4) is mapped to ± id. The Casson invariant is computed as λ C Σ(3, 4, 5, 7) = −31, and we have missing representations. As the representations in Table 4 have 2-dimensional components, missing representations can be given for the Seifert manifold with 3-singular fibers, and its number is proportional to the sum of the Casson invariant, λ C Σ(3, 4, 5) = −2, λ C Σ(3, 4, 7) = −3, λ C Σ(3, 5, 7) = −4, and λ C Σ(4, 5, 7) = −5.
In Table 5 , we compute numerically both the exact value (2.2) and the asymptotic value (4.5) of the WRT invariant. We can see a good agreement also in this case.
DISCUSSIONS
We have studied the asymptotic expansion of the WRT invariant for the Seifert manifold with 4-singular fibers. A key is that the WRT invariant can be rewritten in terms of a limiting value of the Eichler integrals of the modular forms with half-integral weight. A close connection between the quantum invariant and the modular form was first observed in Ref. 17 for a case of the Poincaré homology sphere.
In the case of 3-singular fibers, we showed in our previous paper [7] that the number of the non-vanishing Eichler integral coincides with the number of the integral lattice points inside the 3-dimensional tetrahedron. As in known from Ref. 20 , the number of the irreducible representations of the fundamental group is related to that of the lattice points, and this number is proportional to the Casson invariant. In this paper, as a generalization to the case of 4-singular fibers, we have shown that the number of the lattice points in the 4-dimensional simplex is related to the number of the non-vanishing Eichler integrals. We have also clarified a relationship with the representation of the fundamental group.
Our modular form with half-integral weight can be easily generalized as follows. We fix M-tuple p = (p 1 , p 2 , . . . , p M ), where p i ≥ 2 are pairwise coprime positive integers. We set One sees that the function χ ℓ 2P (n) is even (resp. odd) if M is even (resp. odd). When we define the functions Φ we find that it is a vector modular form with dimension
due to the symmetry under the involutions σ i,j , and that the weight is 1/2 (resp. 3/2) when M is even (resp. odd). Generally the SU(2) WRT invariant for the Seifert manifold Σ(p 1 , . . . , p M ) with M-singular fibers is related to this vector modular form.
As a generalization of the correspondence between the lattice points and the non-vanishing Eichler integrals, we propose the following conjecture. 
